By the Assmus and Mattson theorem, the codewords of each nontrivial weight in an extremal doubly even self-dual code of length 24m form a self-orthogonal 5-design. In this paper, we study the codes constructed from self-orthogonal 5-designs with the same parameters as the above 5-designs. We give some parameters of a self-orthogonal 5-design whose existence is equivalent to that of an extremal doubly even self-dual code of length 24m for m = 3, 4, 5, 6. If m ∈ {1, . . . , 6}, k ∈ {m + 1, . . . , 5m − 1} and (m, k) = (6, 18), then it is shown that an extremal doubly even self-dual code of length 24m is generated by codewords of weight 4k.
Introduction
A doubly even self-dual code of length n exists if and only if n is divisible by 8. The minimum weight d(C) of a doubly even self-dual code C of length n is bounded above by d(C) ≤ 4⌊n/24⌋ + 4 [10] . A doubly even self-dual code meeting the bound is called extremal. In case that n ≡ 0 (mod 24), the only known extremal doubly even self-dual codes are the extended Golay code and the extended quadratic residue code of length 48. The existence of an extremal doubly even self-dual code of length 72 is a long-standing open question [13] .
A t-(v, k, λ) design is called self-orthogonal if the block intersection numbers have the same parity as the block size k (see [14] ). If D is a selforthogonal t-(v, k, λ) design with k even, then the code C(D), which is generated by the rows of an incidence matrix of D, is a self-orthogonal code. By the Assmus and Mattson theorem [2] , the supports of the codewords of weight 4k ( = 0, 24m) in an extremal doubly even self-dual code of length 24m form a self-orthogonal 5-design. We denote the parameters of the design by 5-(24m, 4k, λ 24m,4k ). Then, throughout this paper, we denote any self-orthogonal 5-(24m, 4k, λ 24m,4k ) design by D 24m,4k . That is, D 24m,4k is a self-orthogonal 5-design with the same parameters as the self-orthogonal 5-design formed from the supports of the codewords of weight 4k in an extremal doubly even self-dual code of length 24m. This gives rise to a natural question, namely, is the code C(D 24m,4k ) always an extremal doubly even self-dual code?
It is well known that C(D 24, 8 ) is the extended Golay code (see [1, Theorem 8.6.2]). It was shown that C(D 24m,4m+4 ) (m = 2, 3, 4) is an extremal doubly even self-dual code [9, 7, 6] , respectively. This means that the existence of an extremal doubly even self-dual code of length 24m (m = 1, 2, 3, 4) is equivalent to that of a self-orthogonal 5-(24m, 4k, λ 24m,4k ) design, where (4k, λ 24m,4k ) = (8, 1), (12, 8) , (16, 78) and (20, 816), respectively. The powerful tool which is used in [7, 9] is the use of fundamental equations, sometimes called the Mendelsohn equations [12] (see also e.g., [14] ), obtained by counting the number of blocks that meet S in i points for some subset S of the point set. The approach in [6] is also similar to that in [7, 9] except that Gleason's theorem (see [10] ) is employed to obtain stronger consequences.
In this paper, we study self-orthogonal 5-designs C(D 24m,4k ) for k ∈ {m+ 2, . . . , 5m − 1}, which are related to codewords of weight other than the minimum weight. More precisely, we consider a problem whether C(D 24m,4k ) is an extremal doubly even self-dual code or not for m ∈ {1, . . . , 6} and k ∈ {m + 2, . . . , 5m − 1}. In addition to the above approach done in [6, 7, 9] , it is useful in this paper to observe weight enumerators of C(D 24m,4k ) and its dual codes, and singly even self-dual codes containing C(D 24m,4k ) and their shadows. As a summary, in Table 1 1 , we list some partial answers to the above problem for m ∈ {1, . . . , 6} and k ∈ {m + 1, . . . , 3m}. For the cases (24m, 4k) that C(D 24m,4k ) is self-dual, we list "Yes" in the second column of Table 1 . When C(D 24m,4k ) is self-dual, we list "Yes" in the third column in case that C(D 24m,4k ) is extremal. We also list the possible minimum weights, when C(D 24m,4k ) is self-dual but not extremal. It is shown that C(D 24m,4k ) = C(D 24m,24m−4k ) for m ∈ {1, . . . , 6} and k ∈ {m+1, . . . , 3m−1} (Proposition 9).
The main results of this paper are the following theorems. Remark 3. For some cases (m, k), the above theorem is already known (see Table 1 ). It is still unknown whether C(D 144,72 ) is self-dual or not (see Remark 8).
Preliminaries

Self-dual codes and shadows
In this paper, codes mean binary codes. A code is called doubly even if every codeword has weight a multiple of 4. A code C is called self-orthogonal if C ⊂ C ⊥ , and C is called self-dual if C = C ⊥ , where C ⊥ is the dual code of C under the standard inner product. A self-dual code which is not doubly even is called singly even, namely, a singly even self-dual code contains a codeword of weight ≡ 2 (mod 4). It is known that a self-dual code of length n exists if and only if n is even, and a doubly even self-dual code of length n exists if and only if n is divisible by eight. The minimum weight d(C) of a doubly even self-dual code C of length n is bounded by d(C) ≤ 4⌊n/24⌋ + 4 [10] . A doubly even self-dual code meeting the bound is called extremal. In case that n ≡ 0 (mod 24), the only known extremal doubly even self-dual codes are the extended Golay code and the extended quadratic residue code of length 48. The existence of an extremal doubly even self-dual code of length 72 is a long-standing open question [13] . Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then C 0 is a subcode of codimension 1. The shadow S of C is defined to be C ⊥ 0 \ C. Shadows were introduced by Conway and Sloane [3] , in order to provide restrictions on the weight enumerators of singly even self-dual codes (see [3] for fundamental results on shadows). Let D be a doubly even code of length n ≡ 0 (mod 8). Suppose that D has dimension n/2 − 1 and D contains the all-one vector 1. Then there are three self-dual codes lying between D ⊥ and D, one of which is singly even and the others are doubly even (see [11] ).
Self-orthogonal designs and Mendelsohn equations
A t-(v, k, λ) design D is a set X of v points together with a collection of k-subsets of X (called blocks) such that every t-subset of X is contained in exactly λ blocks. A t-design with no repeated block is called simple. In this paper, designs mean simple designs. It follows that every i-subset of points
blocks. The number λ 1 is traditionally denoted by r, and the total number of blocks is b = λ 0 . A t-design can be represented by its (block-point) incidence matrix A = (a ij ), where a ij = 1 if the jth point is contained in the ith block and a ij = 0 otherwise.
The block intersection numbers of a t-(v, k, λ) design are the cardinalities of the intersections of any two distinct blocks. A t-(v, k, λ) design is called self-orthogonal if the block intersection numbers have the same parity as the block size k (see [14] ). The term self-orthogonal is due to a natural connection between such designs and self-orthogonal codes. Throughout this paper, we denote the code generated by the rows of an incidence matrix of
⊥ be a vector of weight w > 0.
Denote by n i the number of rows of an incidence matrix of D intersecting exactly i positions of the support of v in ones. Then we have the system of equations:
(1)
t).
These fundamental equations, which are sometimes called Mendelsohn equations [12] (see also [14] ), are the powerful tool in the study of this paper. We note that n i = 0 if i is odd, i > k or i > w.
The following lemma follows immediately. The complementary design D of a design D is obtained by replacing each block of D by its complement. The following lemma is used in Section 4 to show that C(D 24m,4k ) = C(D 24m,24m−4k ) for m ∈ {1, . . . , 6} and k ∈ {m + 1, . . . , 3m − 1}.
. The result follows.
On the self-duality
In this section, we describe how to determine the self-duality given in the second column of Table 1 for the cases denoted by * in Table 1 . For the other cases, the self-duality is determined by Lemma 4 (ii) only. Proof. All cases are similar, and we only give the details for C (D 72,28 ) .
Note that D 72,28 has the following parameters:
λ 0 = 4397342400, λ 1 = 1710077600, λ 2 = 650311200, λ 3 = 241544160, λ 4 = 87516000, λ 5 = 30888000.
Let v ∈ C(D 72,28 ) ⊥ be a vector of weight w > 0. For each w of the cases with w ≡ 1 (mod 2) and w ≤ 8, the system of equations (1) has no solution. In addition, for w = 10, (1) has the following unique solution:
n 0 = 41076475, n 2 = 1096595775, n 4 = 2375199750, n 6 = 834337350, n 8 = 50284575, n 10 = −151525. Since C(D 72,28 ) contains at least 4397342400 codewords of weight 28, we obtain a contradiction. Therefore, C(D 72,28 ) must be self-dual. Let v ∈ C(D 120,40 ) ⊥ be a vector of weight w > 0. For each w of the cases with w ≡ 1 (mod 2) and w ≤ 8, the system of equations (1) has no solution. The number λ 0 of blocks satisfies that 2 48 < λ 0 < 2 49 . Hence, C(D 120,40 ) ⊥ is an even code such that the minimum weight is at least 10 and the dimension is at most 71. Let D 120 be a doubly even code of length 120 satisfying the conditions that D 120 has dimension ℓ ∈ {49, . . . , 60}, D 120 has minimum weight at least 12, D ⊥ 120 has minimum weight at least 10 and 1 ∈ D 120 . We show that ℓ = 49, 50, . . . , 59 in the following two steps.
The first step shows that ℓ = 49, . . . , 58. The approach is similar to that given in Proposition 6. Suppose that ℓ ∈ {49, . . . , 58}. Then, by considering the possible weight enumerators of D 120 and D ⊥ 120 , one can obtain a contradiction for each ℓ. Since the situation is more complicated than that for C(D 72,28 ) considered in Proposition 6, we omit the details to save space. We remark that this argument does not work to show that ℓ = 59.
The second step shows that ℓ = 59. The approach is to consider singly even self-dual codes containing D 120 . Suppose that ℓ = 59. Since D 120 contains 1, there are three self-dual codes lying between D ⊥ 120 and D 120 , one of which is singly even and the others are doubly even (see [11] ). We denote the singly even code by C 120 , noting that D 120 is the subcode (C 120 ) 0 consisting of codewords of weight ≡ 0 (mod 4) of C 120 . Let S 120 be the shadow of C 120 . Since the weight of a vector in S 120 is divisible by four [3] and D ⊥ 120 has minimum weight at least 10, C 120 and S 120 have minimum weights at least 10 and 12, respectively. Using [3, (10) and (11) We investigate the number of codewords of weight 40. In this case, we have that
Using the mathematical software Mathematica, we have verified that A 2i ≥ 0 (i = 5, . . . , 16) and B 4i ≥ 0 (i = 3, . . . , 9) yield
where A 2i (i = 5, . . . , 16) and B 4i (i = 3, . . . , 9) are listed in Tables 2 and 3, respectively. Since C(D 120,40 ) contains at least 397450513031544 codewords of weight 40, we obtain a contradiction. Therefore, C(D 120,40 ) must be selfdual. This completes the proof. For m ∈ {1, . . . , 6} and k ∈ {m + 1, . . . , 3m − 1}, the self-duality of C(D 24m,4k ) has been verified above. As a consequence, we have the following:
Proof. It is trivial that D 24m,24m−4k = D 24m,4k . For m ∈ {1, . . . , 6} and k ∈ {m + 1, . . . , 3m − 1}, the codes C(D 24m,4k ) are self-dual (see Table 1 ).
For (24m, 4k) ∈ {(72, 16), (72, 32), (120, 32), (144, 32), (144, 64)}, since the 5-design D 24m,4k has odd r, 1 ∈ C(D 24m,4k ). Consider the remaining cases. The system of equations (1) has no solution (n 0 , n 2 , . . .) consisting of nonnegative integers for each odd w. By Lemma 4 (i), 1 ∈ C(D 24m,4k ). The result follows from Lemma 5.
By the above proposition, for m ∈ {1, . . . , 6} and k ∈ {m+1, . . . , 3m−1}, C(D 24m,4k ) and C(D 24m,24m−4k ) are self-dual. In addition, C(D 24m,12m ) are self-dual for m ∈ {1, . . . , 5}. This completes the proof of Theorem 2.
On the minimum weights
In this section, we describe how to determine the minimum weights given in the third column of Table 1 for the cases denoted by * in Table 1 . For the other cases, the minimum weights are determined by Lemma 4 (i) only. The result in this section completes the proof of Theorem 1.
4.1 (24m, 4k) = (72, 24), (72, 32) Suppose that 4k ∈ {24, 32}. Let v ∈ C(D 72,4k )
⊥ be a vector of weight w > 0. For each w ∈ {4, 8}, the system of equations (1) By Gleason's theorem (see [10] ), the weight enumerator of a doubly even self-dual code of length n can be written as:
using integers a i . Hence, the weight enumerator of C(D 72,4k ) can be written as: Table 4 . If there is an integer i ∈ {12, 16} with A i > 0, then ) can be written using integers α, β, γ, where A i are listed in Table 5 . If there is an integer i ∈ {12, 16, 20} with A i > 0, then 
